A topological group G is sequentially h-complete if all the continuous homomorphic images of G are sequentially complete. In this paper we give necessary and sufficient conditions on a complete group for being compact, using the language of sequential h-completeness.
All topological groups in this paper are assumed to be Hausdorff. A topological group G is sequentially h-complete if all the continuous homomorphic images of G are sequentially complete (i.e. every Cauchy-sequence converges). G is called precompact, if for any neighborhood U of the identity element, there exists a finite subset F of G such that G = U F .
In [6, Theorem 3.6] Dikranjan and Tkachenko proved that nilpotent sequentially h-complete groups are precompact (also see [4] ). Thus if a group is nilpotent, sequentially h-complete and complete, then it is compact.
Inspired by this result, the aim of this paper is to give necessary and sufficient conditions on a complete group for being compact, using the language of sequential h-completeness. This aim is carried out in Theorem 3.
For an infinite cardinal τ , a topological group G is τ -precompact if for any neighborhood U of the identity element, there exists F ⊂ G such that G = U F and |F | ≤ τ .
The following Theorem is a slight generalization of Theorem 3. [9] .)
The proof below is just a slight modification of the proof of Theorem 3.2 from [8] mentioned above:
ÈÖÓÓ º Let U be a neighborhood of e in G. Since, by Fact A, G embeds into product of separable metrizable group, we may assume that U = g −1 (V ) for some continuous homomorphism g : G → M onto a separable metrizable group M and some neighborhood V of e in M . Let
Clearly one has f = ph and g = qh. Since q is continuous,
Since G is sequentially h-complete, the groups L and H, being homomorphic images of G, are sequentially complete too. Since H and L are metrizable, this means that they are simple complete. They are also separable, because they are metrizable and ω-precompact. Thus, by Fact B, p : L → H is open, and hence
Corollary 2. Every sequentially h-complete topological group with a countable network is totally minimal and metrizable.
In proving this Corollary we will make use the following result, due to Arhangel'skiǐ: A topological group G is maximally almost-periodic (or briefly MAP), if it admits a continuous monomorphism m : G → K into a compact group K, or equivalently, if the finite-dimensional representations of G separate points. A topological group is h-complete if all its continuous homomorphic images are complete (see [7] ).
The following Theorem is a far-reaching generalization of the main result of [10] 
The following easy consequence of a result by Dikranjan and Tkachenko plays a very important role in proving Theorem 3:
Fact D. G is precompact if and only if every closed separable subgroup of G is precompact. (Theorem 3.5 in [6].)
ÈÖÓÓ º (i) ⇒ (ii): If M/N is a quotient described in (ii), then it is clearly hcomplete, as the homomorphic image of M , which is assumed to be h-complete in (i). Let m : M → K be a continuous injective homomorphism into a compact group K. Since M is h-complete, m(M ) is closed in K, so we may assume that m is onto. The subgroup m(N ) is normal in K, because m is bijective, and it is closed because N is h-complete. Therefore m : M/N → K/m(N ) is a continuous injective homomorphism, showing that M/N is MAP.
(ii) ⇒ (iii): Let H be a closed separable subgroup of G. Then H is ω-precompact, so by Guran's Embedding Theorem (Fact A) it embeds as a subgroup of product of second-countable metrizable groups: Σ = α∈I Σ α . Let π α : Σ → Σ α be the canonical projection. π α (H) is sequentially h-complete, thus closed in Σ α , and hence we may assume that Σ α = π α (H) from the outset. Thus, by Theorem 1, π α | | H is open, and hence H/N α ∼ = Σ α for a closed subgroup N α of H. By Corollary 2, the group Σ α is totally minimal, because it is second countable and sequentially h-complete, and since H/N α is MAP, so is Σ α . Therefore Σ α is topologically isomorphic to a subgroup of a compact group, and hence precompact. Since product of precompact spaces is precompact again, it follows that H is precompact, as a subgroup of a precompact group.
This shows that every closed separable subgroup of G is precompact, hence G is precompact, by Fact D. Since G is assumed to be complete, this means that G is compact.
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A topological group G is c-compact, if for any topological group H, the projection : G × H → H maps closed subgroups of G × H onto closed subgroups of H (see [11] , [5] and [2] , as well as [3] ). Clearly, subgroups and continuous homomorphic images of c-compact groups are c-compact again, and thus hcomplete. 
